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ABSTRACT. Suppose U isaset, F isa field of subsets of U and P,p is
the set of all real-valued, finitely additive functions defined on F. Two principal
notions are considered in this paper. The first of these is that of a subset of p,p,
defined by certain closure properties and called a C-set. The second is that of a col-
lection € of linear transformations from P, p into P, p with special boundedness
properties. Given a C-set M which is a linear space, an isometric isomorphism is
established from the dual of M onto the set of all elements of C with range a subset
of M. As a corollary it is demonstrated that the above-mentioned isomorphism and
isometry theorem, together with a previous representation theorem of the author
(J. London Math. Soc. 44 (1969), pp. 385—396), imply an analogue of a dual repre-
sentation theorem of Edwards and Wayment (Trans. Amer. Math. Soc. 154 (1971),
pp. 251-265). Finally, a “pseudo-representation theorem” for the dual of P )AB is
demonstrated.

1. Introduction. In a recent paper [5], Edwards and Wayment obtained a
set function integral (v-integral) representation theorem for the dual of the space
AC of all real-valued functions defined on [0, 1] vanishing at 0 and absolutely
continuous. In this paper we obtain, among other things, an analogue of the
above theorem for finitely additive measure spaces.

Suppose U is a set, F is a field of subsets of U, p is the set of all func-
tions from F into R, Py is the set of all elements of P with bounded range,
g is the set of all finitely additive elements of Pg, and pJ is the set of all
nonnegative-valued elements of 9,5. Foreach n in p,p and V in F, T
denotes the element of p,p given by

V1@ =aw n ).

DEFINITION. The statement that M is a C-set means that M C 9,5
such that:
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@) if n isin M,k isin pyp and,forall ¥ in F, [, k() <
Sy M), then k isin M, and

@) if » isin p} and A is the function from F into R given by
A() =sup{k(I): k in M N pi,n—k in p}}, then X isin M N p}.

The following are examples of C-sets:

(1) If B isin Pg, then the set of all n in p, 5, such that [y B(/)n(T)
exists,is a C-set and a linear space.

(2) If B isin pg, then the set of all 7 in p, g, such that [, [B(D)lin(D)
exists and is 0, is a C-set and a linear space.

(3) If k isin p}, then the set of all n in P, 5, such that k — [ In| is
in pf, isa C-set.

(4) If G is a collection of C-sets, then nc X isa C-set.

(5) If p isin pj, then the set to which n belongs iff 7 is an element
of p,p such thatif 0 < c,then thereisa d > 0 and a subdivision (see §2)
® of U, such that if [ is in a refinement (see §2) of D and u(l) <d, then
In(I)l < ¢, is a C-set and a linear space.

(6) If B isin pg and O < d, then the set of all # in p,p, such that
the upper and lower integral difference (see [2]) [y LBW() — GBn)U) < d,
is a C-set.

(D If pisin pj, then the set A" ofall n in p,p absolutely con-
tinuous with respect to u is a C-set and a linear space.

THEOREM 1.A.1 [4]. Suppose M isa C-=set. Suppose that for each n in
Pap> T(n) and N(n) are defined, respectively, as follows:

1 if >0,
T = {—1 if n0)<0,

and
M) = sup {K(I): K in MN pj, flnl- K in pj}.

Then there is a transformation a,; from P, g into M such thatif m isin
P p and V isin F, then

ay@@) = [, i@\
furthermore, if m isin P, g, k isin M and K # ay,(n), then
Ji, m® = ay@@ < [ 1@ - k@)L

For each Cset M, we shall let a,, denote the transformation associated with
M by Theorem 1.A.1.

COROLLARY 1.A.2 [4]. If M is a C-set and a linear space, then a,, isa
linear transformation.



A CLASS OF LINEAR FUNCTIONALS 133

We let C denote’the set to which T belongs iff T is a linear transforma-
tion from p,p into Pp,p such that, forsome K> 0 andall n in p,p and

V in F, [, T < K [y In(D)l.
The reader can easily see that Theorem 1.A.1 and Corollary 1.A.2 imply the
following corollary.

CoROLLARY 1.A3. If M is a C-set and a linear space, then a,, isin C.

The principal theorem of this paper is the following isomorphism and isom-
etry theorem.

THEOREM 4.1. Suppose M is a C-set and a linear space. The mapping X,
defined as

{(S, E): S in the dual of M, E a function with
domain P ,p and range C P, given by

Em)(V)=S(ay@'" ), n in p,p V in F}
is an isomorphism and an isometry from the dual of M onto the set to which T
belongs iff T isin C and therangeof T C M,ie., ayT =T.

THEOREM 1.A.2 [3]. If T isin C,pu isin Y},and the range of T isa sub-
setof A, then, forall n in 9,5 and V in F,

(V) = J, [(T@QOMO 8 ()0)  @integral).

The analogue mentioned above and a consequence of Theorems 4.1 and
1.A.2 is as follows (§5).

THEOREM 5.1. If u isin Y}, then the function Y defined by
Y={S, {¢, SwN): I in F}): S in the dual of AL
is an isomorphism from the dual of Au onto Lip(n); furthermore, if S is in
the dual of A, then
IS = sup (IS N/u@): I in F},
and for each n in Ay, Sm) = [y [SEIDD] ).

For a g-algebra X of subsets of a set U, and the Banach space ca(U, X)
of all real-valued countably additive set functions defined on X, with variation
norm, Mauldin [7] has obtained, subject to certain cardinality assumptions, a repre-
sentation for the dual of ca(U, Z). In this paper, for our finitely additive setting,
we obtain the following “pseudo-representation theorem” (§6).

THEOREM 6.1. If S is a function from F into R, then the following two
statements are equivalent.
(1) S isin the dual of ¥,g (variation norm).
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(2) Thereis K = 0,a set W with partial ordering <* with respect to
which W is directed, and for each x in W, a function B, from F into
[- K, K] such thatif n isin P, p, then each of the limits with respect to <*

(see §2),
tim [, LB and lim [, GB,m(),

exists and is S(n).

2. Preliminary theorems and definitions. In the interest of brevity we shall
simply refer the reader to [3] for detailed remarks about the notions of subdivi-
sion, refinement and integral that we shall use in this paper. We will say here, how-
ever, that throughout this paper, as in [3], all integrals are limits for refinements
of subdivisions of the appropriate sums. We also refer the reader to [2] for the
notions of Z-boundedness, sum supremum functional L, and sum infimum func-
tional G. There are refinement-sum inequalities in [2] that imply the existence
of the various integrals that we shall discuss, and it is to [2] that the reader is also
referred for a statement of Kolmogoroff’s [6] differential equivalence theorem and
its implications about the existence and equivalence of various integrals that we
will write. Throughout this paper, when the existence of an integral or the equiv-
alence of an integral to an integral is an easy consequence of the above mentioned
material, the integral need merely be written or the equivalence assertion made,
and the justification left to the reader. We let “G@ < ®” mean “§ is a refine-
ment of D”.

3. Some basic properties of C and a commutativity theorem.
LeMMA 3A.1 [3]. If T isin C and p isin P}, then Ta, = aA“T.

For the remainder of this paper, we shall let a, denote a Au forall g in
pi.

THEOREM3.A2 [3]. If T isin C, S isin C,p isin P}, and the range
of SC A, ie,a,S=S,then TS=ST.

THEOREM 3.1. Ifeachof P and Q isin C, then PQ = QP.

PROOF. Suppose m isin p,p. Obviously thereis k in P} such that
n isin A,,sothat n =a,(m). If T isin C, then, by Lemma 3.A.1,

Ta, =a,T = (a,)*T =a,(a,T) =a,(Ta,),

so that if § isin C, then, by Theorem 3.A.2, S(Ta,) = (Ta,)S. This implies
that

(PQ)a, = P(Qa,) = (@a,)P= Q(a,P) = Q(Pa,) = (QP)a,,
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so that
@A) (n) = PA)(a, (M) = [(PD)a, 1)

= [(@P)a,1(n) = (@QP)(a,(m)) = (CP)(n).
Therefore PQ = QP.

4. The isomorphism and isometry theorem. We begin with two lemmas.
Lemvma 4.1. If T isin C,m isin P,5 and V isin F, then
@) =Ta"HW) and T@OY)=T@)").

PROOF. There is K = 0 such that [, |T(k)()l < K [y [k(I)| forall «
in p;p and W in F. If V isin F, then

ITm)(V) - T@VHYW)! = ITm)(V) — T@"H(V) - Ta"H(U - V)l
=1T@ - ") - TV (U - V)
< IT( - a"HN) + 1TV (U - V)
<k [, @ -2+ k[, @)

=K0 + K0 = 0;

so that T(m)(V) = TV 1)().
Now, if each of W and I isin F, then from above,

TN @) = 7@ HMNH) = T )
=T@W N 1) =T@)" Q).
Therefore, for all ¥ in F, Ty = (T()").
LemMa42. If T isin C and 0 < H, then
[, T0I<H fU I QD)
forall m in p,p iffforall n in Y,5 andall V in F,
[, it <[ may.

PRrOOF. Qbviously the second statement implies the first.
Suppose the first of the statements is true.
If Visin F and D < {V}, then

Tromi= $ raM@)i< T Hf, nh o)
D D D
= T Hf, 1= Ef, )\,

so that [ IT(XDI < H [y In(J)l.
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We now prove Theorem 4.1, as stated in the introduction.

PRrOOF OF THEOREM 4.1. Suppose S is in the dual of M and F is the
function with domain p, 5 and range C p given by E(m)(V) = S(aM(n[V] ).
It is clear that if n isin p, 5, then E(n) is finitely additive; furthermore, if V
isin F, then

LE@)1 = 18 (apy )< IS layy !V 1)1

=151, layy @)1

This implies that E(n) isin p,p and thatif W isin F,then [y, |E(m)J) <
ISI £y lays(m)(I)I, so that, from the assumption that M is a linear space as well
as a C-set, we have that E(n) isin M. Thus ayE = E. It is obvious that E
is linear, and from the immediately preceding inequality, Lemma 4.2 and the fact
that llayll < 1, it follows that E isin C and [E]| < [IS]l. Now, if k isin
M, then

IS (k)1 = 1S (ay, (V1)1 = 1E () ()

<[, E@oI< LEIf @),

Therefore ||S|| < |E|l. Therefore |ISI = IEIl.

It is an easy consequence of the definition of X,, that X,, is linear, so
that we therefore finally have that X,, is an “isomorphic isometry from the dual
of M ‘into’ {T: T in C,ayT=TL” Wenow show that X,, is “onto”.
Suppose T isin C and a) T =T. Let Q be the function from M into R
given by Q(k) = T(k)(U). Obviously Q is in the dual of M. Now, if n isin
pyp and V isin F, then

X (@MY = Qay, (")) = T(ay, VN (U) = T([a), )] " )(V)
= T(ayy M) (V) = ay(T@)(V) = Tm)(V),
so that X,,(Q) = T and therefore X,, is “onto”.

5. The dual of A“. In this section we prove Theorem 5.1, as stated in the
introduction.
We begin by stating a previous theorem of the author [1].

THEOREM S.AL. If a isin Pg,p isin p},n isin A, N ph ana
Sy o(u(I) exists, then [i; a(I)m(I) exists.

COROLLARY 5.AL If a isin Pg,pu isin ph,« isin A, and
Sy (D) exists, then [y o k(I) exists.

PrOOF. Let n = [lkl. n isin A, N pi. By Theorem 5.A.,
Jua(I)m(I) exists. Since k/n isin pg and k = [ [k/n]n, it follows (see §2)
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that [y ao()[k(I)/n(I)]n(I) exists. But clearly [i;a(D)[x(D)/n(D]n(I) =
Sy o DK(I).

PROOF OF THEOREM 5.1. It is clear that if S is in the dual of A, then
Y(S) isin Lip(u), and that Y preserves addition and scalar multiplication. Let
M= A,. Then a) = a,, as defined in Theorem 1.A.1. Suppose § is in the
dual of M andlet T = X,/(S). If n isin A, and I isin F,then

Tm){) =S (@,@!™) = s@!").

Therefore if k 1is in A“, then, by definition of X,, and Theorem 1.A.2,
$®) =5 V1) = Te)©) = [, [T@O/MD) 3,6)0)

= [, 1S k@).
Let N =sup{IS@)l/u(1): I in F}. If k isin Ay, then

1561 =|f, I56may) ean)

<[, US@MI@I k@) < Nf, k@),
Therefore [IS| < N. Now, if I isin F, then

IS1 > 18 @) = 1S @I/u).

Therefore N < ||S|l. Therefore | S| =sup{IS@NwI): I in F}.

We see that the fact that Y is invertible follows readily from the above
integral representation for the elements of the dual of A“.

We now show that Y is “onto”. Suppose k isin Lip(u). The function
K/p isin pg and it is obvious that k = [ [x/u]u. From Corollary 5.A.1 it fol-
lows that if 7 isin A, then [y [k(1)/u(D)In{) exists, and we clearly see that
T, defined by

r={. f, komO@) ¢ i 4,
is in the dual of A,. Furthermore,if ¥ isin F, then
Yn)(W) = T = [, kw71 @)
= [, KOWO1@) = 1.
Thus Y(T) = k.

6. The dual of p, 5. Let us begin by noting, trivially, that p,p isa C-
set and a linear space, and that therefore X, 4B is an isomorphism and an isom-
etry from the dual of Yy, onto C. Furthermore, a, AB is clearly the identity
transformation, so that if S is in the dual of p,5,7n isin pyp and ¥V isin
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F, then
= [Vly) = vl
X, O =5G,, @) =s@")).

We now prove Theorem 6.1, as stated in the introduction.
PROOF OF THEOREM 6.1. Suppose (2) is true. If x isin W,n isin p,p,
V isin F and D < {V}, and for each I in D, B,(I) isin B,(I), then

IZb,,(I)n(I)
D

< T b0l <Kf, In@),
D
so thatif Q is L or G,then |Q(B.n) (V)| <K [y In(1)l, which implies that

f 2BV < f 2BmMWI<K f o ML,

so that |S@)| < K fy In(V)I.

We now show that § is linear. Suppose each of » and s isin R and
each of n and k isin P, 5. Suppose O < c. From the fact that W is directed
with respect to <*, it follows that thereis X in W such that if y isin W
and X<*y and Q is L or G and p iseither n, k,rn, sk, or rq + sk,
then

|S(P) -, 0®, )| < c/1801 + Ir1+ sD)].

There is D < {U} such that if § <D and Q and p are as above, then

<c/[8(1 + Irl + IsD],

J,0Bx0 (D - T 0@x0)()
¢
so that

'S(P)- 2 0By p)(D)[<c/[4(1 + Irl + IsD].
¢

Now, if p, once again, is as above, and for each I in D, by(I) isin By([),
then

293 GBxPUY< § byp) < § LBy p)(I),
so that

SP) - X byMp)|<c/[41 + Irl+ IsD].
D
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Therefore

IS(rn + sk) — [rSm) + sS )] = {SEn + sk) = 3 by() [rnd) + sk}
D

+ r{g by D) — S(n)}
+ s{% by (k) — S(K)}|

< |S@rn +sk) =Y by(D) [rad) + sk@)]

+ IrI'%:bx(I)n?I) - S(n)\
+ |s|l§bx(1)x(1) )
<c/[4(1 + Irl + IsD]
+ Irle/[4(1 + Irl + Is])]
+ Isle/[4(1 + Iri+ 1sD]
<3c/4<ec

Therefore S(rn + sk) = rS(n) + sS(k). Therefore S is in the dual of p,p.
Therefore (2) implies (1).

Now suppose (1) is true, i.e., S is in the dual of p,p. Let T =X, 4 B(S),
so that, with reference to the opening paragraph of this section, T is the element
of C givenby T(m)(¥) = Sa™").

We seek a set, W, a partial ordering, <*, for W with respect to which W
is directed, a number K = 0, and for each y in W, a function B, from F
into [- K, K] such that if  isin L, and Q is L or G, then
Ju OB, m)(I) > S(n), limit for <*. Let W = pj,and let <*={@n, k): n, k
and k —n in pi}. It is clear that <* is a partial ordering, and from the fact
thatif ¥V isin F and each of p and v isin pj, then [, max{p(l), n(I)}
exists, it follows that p} is directed with respect to <*. Foreach v in p}
and V in F,let

By (V) =T (V) (V).

Letting K = [IS]l, we see that for each v in pjl', B, is a function from F into
[- K, K]. Only the final limiting assertion remains to be shown. Suppose 7 is
in p,p. Let p be the element of p} given by (V) = [, n()|. If v isin
pz and p <* y,then n isin A, so that by Theorem 1.A4, stated in the
introduction, for each V in F,

TM) = [, [T 70,
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so that if Q is L or G, then
s@"N)=Tm@) = [, [TOOAD] @)
= [, B0 = [, 06D

This implies [}, Q(B, () ~> Sm'"1) “uniformly in F” with respect to <*; in
particular,

Joe®mO— 5@V =5

with respect to <*. Therefore (1) implies (2). Therefore (1) and (2) are equiv-
alent.

REFERENCES

1. W. D. L. Appling, Some integral characterizations of absolute continuity, Proc.
Amer. Math. Soc. 18 (1967), 94—99. MR 34 #4446.

2. , Summability of real-valued set functions, Riv. Mat. Univ. Parma (2) 8
(1967), 77-100. MR 40 #4418.

3. , Concerning a class of linear transformations, J. London Math. Soc. 44
(1969), 385—-396. MR 38 #6015.

4. , A generalization of absolute continuity and of an analogue of the Lebesgue
decomposition theorem, Riv. Mat. Univ. Parma (to appear).

5. J. R. Edwards and S. G. Wayment, Representations for transformations continuous
in the BV norm, Trans. Amer. Math. Soc. 154 (1971), 251-265. MR 43 #466.

6. A. Kolmogoroff, Untersuchen uiber den Integralbegriff, Math. Ann. 103 (1930),
654—696.

7. D. Mauldin, An integral representation of functionals on ca(S, Z), preliminary
report, Notices Amer. Math. Soc. 18 (1971), 949. Abstract #71T-B198.

DEPARTMENT OF MATHEMATICS, NORTH TEXAS STATE UNIVERSITY,
DENTON, TEXAS 76203



